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A combination of experimental measurements and numerical simulations are used to
characterize the mechanical and electrochemical response of thin film amorphous Si
electrodes during cyclic lithiation. Parameters extracted from the experiment include the
variation of elastic modulus and the flow stress as functions of Li concentration; the strain
rate sensitivity; the diffusion coefficient for Li transport in the electrode; the free energy
of mixing as a function of Li concentration in the electrode; the exchange current density
for the Lithium insertion reaction; as well as reaction rates and diffusion coefficients
characterizing the rate of formation of solid-electrolyte interphase layer at the electrode
surface. Model predictions are compared with experimental measurements; and the
implications for practical Si based electrodes are discussed.
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1. Introduction
Silicon has a charge capacity that is nearly ten times greater than the graphite-based materials that are currently used as
the negative electrode in lithium ion batteries (Kasavajjula et al., 2007). There is consequently great interest in developing
electrodes made from either pure silicon, or a silicon based composite, and a variety of potential electrode designs have been
explored, including thin films (Netz et al., 2003; Maranchia et al., 2003; Baranchugov et al., 2007; Bhandakkar and Gao,
2010; Haftbaradaran et al., 2010), nanowires (Gao et al., 2001; Peng et al., 2008; Greena et al., 2003; Deshpande et al., 2010),
single particles (Verbrugge and Cheng, 2008; Cheng and Verbrugge, 2010) and composites (Boukamp et al., 1981; Liu et al.,
2005; Dimov and Yoshio, 2007). These designs have shown promise, and Si based electrodes are starting to see commercial
applications. Panasonic Corporation, for instance, announced the development of high-capacity lithium-ion batteries with
silicon-alloy anode (Development of high-capacity lithium-ion battery), but Si based batteries continue to suffer significant
loss of capacity with charge–discharge cycles, which limits their use in applications such as electric vehicles.
The poor cycle life of Si based electrodes is caused by fracture and mechanical decrepitation, which result in a loss of
active electrode material, and are also accompanied by formation of solid–electrolyte-interphase (SEI) layer on the newly
exposed crack surfaces. This reaction consumes Li in the battery and increases its internal resistance, which together
eventually render the cell unusable. Fracture is a consequence of large volumetric expansion that occurs as Li is inserted into
Si; a volumetric strain of 270% occurs as a Si electrode is fully charged (Boukamp et al., 1981). Managing the stresses
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generated by this volume expansion is the principal challenge involved in developing Si electrodes. Stresses can be
minimized by devising electrode architectures that permit the material to expand freely. For example in (Song et al., 2010)
the authors developed a Si anode nanostructured in arrays of sealed, tubular geometries that exhibits 85% of initial
Coulombic efficiencies and capacity-retention of 80% after 50 cycles. In (Chan et al., 2008) stable capacities of approximately
3200 mAh/g for almost 20 cycles were obtained with Si nanowire electrodes, while in (Graetz et al., 2003) stable capacities of
2000 mAh/g for 50 cycles were achieved by using 100 nm thick amorphous Si (a-Si) film electrodes.Patterned thin film
electrodes, consisting of Si islands on a substrate (Soni et al., 2012), are another promising method for mitigating stress and
damage in Si electrodes.
The need to design failure resistant electrode architectures and materials has motivated a large number of theoretical
and experimental studies that aim to characterize and quantify stress and damage evolution in Si materials during cyclic
lithiation. Qualitative measurements of stress in Si electrodes were first made a decade ago (Lee et al., 2001), and since then
a number of further experimental studies have provided quantitative measurements of the stress state in lithiated silicon
(Sethuraman et al., 2010; Soni et al., 2010; Hertzberg et al., 2011). In conjunction with the experiments, a number of
theoretical models that aim to characterize the constitutive behavior of insertion electrode materials have been developed
(Bower et al., 2011; Zhao et al., 2011; Anand, 2012). Recent models have focused on the coupling between mechanical
behavior and chemistry (Tritsaris et al., 2012; Zhao et al., 2012; Pharr et al., 2012). In addition, ab-initio computations have
been conducted to determine mechanical properties or electrochemical behavior (Shenoy et al., 2010; Zhao et al., 2011;
Chevrier and Dahn, 2009; Huang and Zhu, 2011). These studies have provided the theoretical framework and much of the
experimental data that will be needed to model and optimize candidate Si based electrode microstructures. For accurate
predictions, it is necessary to determine accurate values for the material parameters in constitutive laws of Si. Parameters of
interest include mechanical properties such as the elastic modulus and flow stress of Si as functions of Li concentration;
transport properties such as the diffusion coefficient of Li through Si; parameters related to the solution chemistry of Li in Si
such as the concentration dependence of the activation coefficient; as well as parameters characterizing the electrochemical
reactions and side reactions at the Si/electrolyte interface.
There has been great interest in using computations or experiments to determine material parameters for Si electrodes.
For example, the elastic properties of both crystalline and amorphous Li–Si alloys were estimated by (Shenoy et al., 2010)
using first-principles calculations. They predict that Young's modulus decreases approximately linearly from 90 GPa to
20 GPa as Li concentration increases from zero to full capacity. They attribute the elastic softening to the reduced stiffness of
Li–Si bonds in comparison to Si–Si bonds. Experimental measurements (Sethuraman et al., 2010) of biaxial moduli of a-Si
thin-film electrode reports a decrease from around 70 GPa to about 35 GPa, as the Li fraction increases. Continuum models
typically assume a linear variation of modulus with concentration models (Deshpande et al., 2010; Bower et al., 2011).
Sethuraman et al. (2010) also observed plastic flow in Si electrodes during lithiation and de-lithiation, concluding that the
material has a flow stress of approximately 1 GPa. In addition, diffusion coefficients for Li transport through Si have been
measured experimentally, but the measured diffusivities span several orders of magnitude from 10  16 to 10  10 cm2 s  1
(Ding et al., 2009; Ruffo et al., 2009; Li et al., 2012; Hüger et al., 2013). Atomic-scale models report values of Li diffusivity of
order of 10  12 cm2 s  1 for a-Si models (Tritsaris et al., 2012). Solution thermodynamic parameters such as the free energy
of mixing for Li/LixSi can be extracted from the potential vs. composition curve available in literature from experimental
measurements (Hatchard and Dahn, 2004; Baggetto et al., 2008) and ab-initio DFT calculations (Chevrier and Dahn 2009;
Huang and Zhu, 2011). The electrochemical reaction rates governing Li insertion at the electrode surface are usually
characterized using a Butler–Volmer relation (Newman and Thomas-Alyea, 2004), which includes several parameters that
control the exchange current density (the reaction rates at electrochemical equilibrium). Exchange current densities have
been measured by means of cyclic voltammograms: for example Chandrasekaran et al. (2010) have suggested that data can
be fit by using two different exchange current density values characterizing the reaction rates during lithiation and delithiation. The capacity loss to side reactions that lead to SEI formation on the surface of Si electrodes has also been
measured experimentally (Sethuraman et al., 2013). Several models of SEI formation and capacity loss in Li-ion battery
systems have been proposed (Ploehn et al., 2004; Smith et al., 2011; Pinson and Bazant, 2013), which generally treat the
process using reaction-diffusion equations that characterize the transport of reagents through the SEI layer and the rate of
formation of additional SEI at the electrode surface.
In this paper, our goal is to use a systematic combination of experimental measurements and numerical simulations to
characterize the response of sputtered amorphous thin film Si electrodes (selecting a-Si for the electrode avoids the
amorphous-crystalline phase transition that occurs during the first lithiation cycle of crystalline Si). An experimental
apparatus developed by Sethuraman et al. (2010) was used to measure in-situ the variation of voltage and stress in a-Si thin
film electrodes in a Li ion half cell (with Li counter-electrode) which were subjected to cyclic lithiation and de-lithiation at
fixed surface current density. The experiment is modeled by extending a continuum description of electrochemical
reactions, stress, and plastic deformation in Li insertion materials developed by Bower et al. (2011). A comparison of
experimental measurements and numerical predictions were used to determine mechanical and chemical properties that
best characterize the a-Si electrodes. In addition, a series of ‘potentiostatic intermittent titration technique experiments’,
(Weppner and Huggins, 1977; Wen et al., 1979), were conducted, in which the electrodes were subjected to incremental step
changes in potential, and the subsequent transient evolution of stress and electric current in the electrode were measured.
The tests are used to determine values for several material parameters that govern deformation, electrochemistry and
transport in Si electrodes, including the elastic modulus; the flow stress and strain rate sensitivity; the diffusion coefficient
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for Li transport in the electrode; the free energy of mixing as a function of Li concentration in the electrode; the exchange
current density for the Lithium insertion reaction; as well as parameters governing the rate of formation of solid–electrolyte
interphase layer at the electrode surface. Model predictions with the best fit parameters are then compared with
experimental measurements; and the implications for practical Si based electrodes are discussed.
The remainder of this paper is organized as follows. In the next section, we review the experimental procedure for
measuring stress and electrochemical response of a-Si thin film electrodes. We then describe the model and constitutive
equations that we use to characterize the materials, and the approach that we used to determine values for material
parameters. Section 4 describes the results of both experiments and model, and Section 5 contains conclusions.
2. Experimental measurements
The experimental procedure used in this study was described in detail in (Sethuraman et al., 2010) and so will be
reviewed briefly here. The apparatus consists of a Li-ion half-cell, with a thin film amorphous Si working electrode and a Li
metal foil counter-electrode, as illustrated in Fig. 1. The cell was assembled and tested in an argon-filled glove box
maintained at 25 1C and less than 0.1 ppm of O2 and H2O. The electrodes were separated (to prevent contact) by a Celgard
polymer separator and submerged in an electrolyte solution of 1 M LiPF6 in 1:1:1 ratio of ethylene carbonate (EC):diethyl
carbonate (DEC):dimethyl carbonate (DMC).
The working electrodes consisted of a multi-layered structure illustrated in the inset in Fig. 1. They were prepared by
depositing a 15 nm of Ti as adhesion layer, 300 nm of Cu as current collector, and an amorphous Si film on a (111) single
crystal Si substrate of 400 mm thickness and 50.8 mm diameter. Approximately 300 nm of SiO2 was thermally grown on all
sides of the Si wafers prior to this deposition to create a barrier for Li diffusion and isolate the Si substrate from chemical
reactions. The Ti and Cu films were deposited by e-beam evaporation technique under ultra-high vacuum (o  10–6 Torr)
whereas the Si was deposited by RF-magnetron sputtering at 180 W power and less than 2 mTorr Ar pressure (using Lesker
PVD Lab-18 from Kurt J. Lesker Inc., PA, USA). The sputtered Si films under these conditions are known to be amorphous
(Nadimpalli et al., 2012), which is confirmed by an XRD analysis on the deposited films.
The electrochemical performance of the cell was controlled and monitored during electrochemical cycling by means of a
Solarton 1470 E multistate. The state of stress in the film was measured in real time as the working electrode was lithiated
and de-lithiated. The stress was determined by monitoring the curvature of the substrate using a multi-beam optical sensor
(kSA-MOS from K-Space Associates, Inc., Dexter, Michigan). The average in-plane film stress s, was obtained from change in
curvature κ of the substrate as the film was lithiated using the Stoney equation (Stoney, 1909; Freund and Suresh, 2004)
2

s ¼ sr þ

Es hs κ
6hf ð1  νf Þ

ð1Þ

where Es ; νs ; hs are Young's modulus, Poisson's ratio, and thickness of substrate, respectively, sr is the residual stress in the Si
film due to sputter deposition. The residual stress was measured by tracking the substrate curvature before and after each
film-deposition (Ti/Cu, Si) step, and values are listed in Table 1.
The film thickness hf , varies during lithiation and delithiation. In calculating the stresses, the thickness was taken to vary
according to relation hf ¼ hf 0 ð1 þ 2:7zÞ, where hf 0 is the initial film thickness, and z is the state of charge. The state of charge

Fig. 1. Schematic illustration of electrochemical cell and the multi-beam optical sensor setup for curvature measurements, adapted from (Sethuraman
et al., 2010). The inset shows the details of different films grown and deposited on Si wafer. Figure is not to scale.
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Table 1
Geometry and operating conditions used in experimental measurements on a-Si electrodes.
Electrode

Cell 151
Cell 200
PITT

Electrode
configuration

127 nm a-Si film on 111 wafer
103 nm a-Si film on 111 wafer
104 nm a-Si film on 111 wafer

Substrate
thickness, ts (mm)

402
400
400

Residual stress
in a-Si film, sr (Gpa)

 0.1
 0.36

Cut off potentials (V vs. Li/Li þ )
Lithiation

Delithiation

0.05
0.05
0.05 V decrements
to 0.05 V

0.6
0.6
0.05 V
increments to 1.2 V

Number
of cycles

4
10
1

Fig. 2. Idealized model of a Li-ion half-cell consisting of a thin film working electrode bounded to a substrate and Li metal counter-electrode. The solid–
electrolyte interface layer forms at the anode surface in contact with the electrolyte. SEI is responsible for battery charge loss but it is permeable to Li-ions
so it does not significantly reduce lithium intercalation after a stable layer is grown.

is computed from z ¼ c=cmax , where c is the ratio of the molar density of Li and Si c ¼ ρLi =ρSi with respect to the reference
state, and cmax is the concentration ratio in the fully lithiated state. The concentration c is computed from the expression
cðtÞ ¼

1
ρSi Fhf 0

Z

t

IðtÞdt
0

ð2Þ

where I is the externally applied current density (current per unit electrode surface area), ρSi is the molar density of the
un-lithiated amorphous Si film and F is the Faraday constant (the charge of 1 mol of electrons) reached at the fully lithiated
state. This procedure assumes a 370% volume expansion of the film at maximum capacity for lithiated a-Si (Obrovac and
Christensen, 2004) and assumes that the volume expansion is accommodated by increasing the film thickness, since lateral
expansion is prevented by the substrate. It also neglects charge lost to the solid–electrolyte-interphase layer, and
consequently provides an upper bound to the film thickness.
Two series of tests were conducted, which were designed to determine the mechanical and electrochemical response of the Si
electrode. The first series of tests were intended primarily to determine the mechanical properties of the Si film. To this end, small
working electrode thicknesses were used, and the films were lithiated at modest rates, with a view to minimizing concentration
gradients through the film thickness. The films were subjected to cycles of lithiation and de-lithiation at constant externally applied
current. The mechanical loading imposed during this test resembles cyclic thermal stresses induced by repeatedly heating and
cooling the film: during lithiation; a state of compressive stress develops, deforming the film plastically; when the Li is
subsequently removed, the stress becomes tensile. The test conditions were designed to ensure that the films remained intact and
did not fracture on de-lithiation (the integrity of the films was verified subsequent to each test). The results of these tests then
enable the elastic modulus and flow stress to be determined as functions of concentration. In addition, by varying the rate of
lithiation, the strain rate sensitivity of plastic flow can be deduced. Finally, the voltage cycles measured in this experiment enable
parameters controlling the free energy of mixing in the solution thermodynamics to be determined.
The relevant conditions for these mechanical tests are summarized in Table 1. In the first experiment a 127 nm thick a-Si
film (Cell 151) was lithiated and delithiated at constant current densities of 5 mA/cm2, 10 mA/cm2, and 15 mA/cm2 in the first,
second, and remaining cycles, respectively; the current density (blue curve) and potential history (green curve) are shown in
Fig. 3a and b respectively. The cell was kept under open circuit condition for 5 min after every lithiation and delithiation
step. In all cycles, lithiation was carried out until a lower cut-off voltage of 0.05 V vs. Li/Li þ to prevent crystallization of
lithiated Si and delithiation was done until an upper cut-off voltage of 0.6 V vs. Li/Li þ to prevent film cracking. The
corresponding stress evolution is shown in Fig. 3c.
In the second experiment a 103 nm thick a-Si film (Cell 200) was lithiated and delithiated at a constant current density of
8.75 mA/cm2, between 0.6 V vs. Li/Li þ and 0.05 V vs. Li/Li þ , for 10 cycles. A 5 min open circuit condition was imposed after
each lithiation and delithiation step. The current vs. time history is shown in Fig. 4 (blue curve) and the corresponding
potential and stress histories are shown in Fig. 5 (blue). Note that the potential and stress are plotted against capacity
(Li concentration); the area under the potential hysteresis loop in each cycle represents the total energy dissipated in
lithiating and delithiating the film. Since capacity is also a measure of plastic strain in the Si film, the area of each stress
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Fig. 3. (a) Variation of externally applied current I and current associated with lithium insertion reaction IR with time for cell 151. (b) Measured and
predicted voltage plotted vs. time. At the beginning of a charge or discharge cycle the potential undergoes respectively a quick drop or increase. A correct
prediction of such fast variation depends on the choice of the rate constants for the Faraday reaction. The overall trend is conditioned by the choice of the
self-interaction coefficients of the series expansion representing the excess of free energy due to Li–Li interactions. (c) Variation of stress with time during
cycles of charging and discharging.
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Fig. 4. The plot shows the distribution of the current among main and side reactions during the 10 cycles of lithiation and delithiation of Cell 200. The
amount of current diverted to SEI formation decreases along with the growth of the SEI layer to a stable thickness.

hysteresis loop is proportional to the mechanical energy dissipation due to plastic deformation. These results will be
discussed in more detail following the description of the model in Section 4.
A separate series of tests were conducted to determine the kinetic parameters (such as the diffusion coefficient)
governing Li transport through the electrodes as well as the kinetics of the surface Li insertion reaction. Two experiments
are typically used for this purpose, known as (i) Galvanostatic or (ii) Potentiostatic Intermittent Titration Technique (GITT/PITT).
Both approaches start with an electrode at equilibrium, and then inject a small quantity of Li into the surface of the electrode at
high rate. In GITT, a prescribed current is used for the Li insertion; while in PITT a step increment in potential is applied. Both tests
induce a non-uniform concentration distribution in the film, and the transport properties are determined by monitoring the rate
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Fig. 5. (a) Comparison of the predicted and measured voltage under cycles of lithiation and delithiation for Cell 200. (b) Comparison of measured and
predicted variation of mean stress as a function of capacity during 10 charge–discharge cycles of Cell 200. Elastic loading and unloading characterize the
mechanical behavior of the electrode at the beginning of lithiation and delithiation respectively. The stress evolution in plastic flow is well captured
through a yield stress constitutive function of lithium concentration.

at which the system subsequently returns to equilibrium. The kinetic parameters of interest can then be extracted from these
tests with the aid of a theoretical model.
The standard approach to modeling interrupted titration experiments neglects the influence of stress on Li transport and
so some modifications are necessary in order to apply the procedure to the electrodes tested here. We selected PITT
experiments over GITT with a view to minimizing the effects of stress. The films were first lithiated to a pre-determined
voltage that was sufficient to cause the electrode material to yield in compression. Additional increments in potential were
then applied in a direction chosen to increase the compressive stress. Since the flow stress varies only slowly with lithiation
rate and Li concentration, the stresses remain approximately constant during the voltage step. After a succession of tests of
this type, the process was repeated with tensile loading.
PITT experiments were conducted on a 104 nm a-Si thin-film electrode in a beaker cell against a lithium metal reference
and counter electrode. Lithium insertion was carried out galvanostatically at 2.5 μA/cm2 (geometric area) until the electrode
potential reached 0.4 V vs. Li/Li þ . This was followed by potentiostatic steps at 0.4 V, 0.35 V, 0.3 V, … (i.e., 50 mV increments
till 0.05 V vs. Li/Li þ ). Each potentiostatic step was carried out until the current decayed to less than 0.25 μA/cm2. These were
followed by identical potentiostatic steps in the delithiation direction (i.e., potential steps at 50 mV increments till 1.2 V vs.
Li/Li þ ). The history of the potential and current density during a PITT experiment are shown in Fig. 6a and b respectively
(blue curves). The stress in the Si thin-film electrode was continuously measured via the substrate-curvature-monitoring
technique, which is shown in Fig. 6c. It should be noted that the PITT experiments described herein were carried out on an
as-prepared Si thin-film electrode.
Although this PITT procedure minimizes the effects of stress, it does not eliminate them completely. Rather than using
the standard models of PITT experiments to extract material parameters, therefore, a full nonlinear simulation of the
experiment was conducted, and a value for diffusivity was also determined that provides the best fit to experimental
measurements. The approach to modeling the experiments is described in more detail in the next section.
3. Model of a half-cell with a thin-ﬁlm Si anode
Fig. 2 shows an idealized model of the half-cell that was characterized experimentally. It consists of a thin Si film, with
initial thickness (in the un-lithiated state) H, which is bonded to a rigid substrate; together with a Li counter-electrode.
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Fig. 6. (a) Variation of externally applied voltage with time during the PITT test and the corresponding current density history (b). (c) Stress measured and
predicted during the PITT experiment. The stress jump at the beginning of each voltage step is well captured in the simulations. When the voltage reaches
values larger than 0.8 V the measured stress shows a quick growth observed also in other experiments with Si thin-films delithiated up to 1.2 V.

The two electrodes are separated by an electrolyte, and are connected through an external circuit, which maintains either a
prescribed history current flow I or a prescribed voltage drop V across the electrodes. Note that in a half-cell with a Li
counter-electrode, Si is the positive electrode, in contrast to a full cell, in which Si is the negative electrode.
When the cell is first assembled, the Si electrode is free of Li and has a positive electric potential with respect to the Li
counter-electrode. Before lithiation, the electrode is subjected to a biaxial residual stress sr . Connecting the external circuit
between the electrodes permits current to flow from the Si electrode to the counter-electrode, which enables the
electrochemical reactions to take place at the interfaces between the electrolyte and the electrode. At the surface of the Li
electrode, the reaction Li-Li þ þ e  removes Li atoms from the electrode surface, which enter the electrolyte as Li ions.
At the surface of the Si electrode, the reaction Li þ þe  -Li takes place; Li atoms are inserted into the electrode, and
subsequently diffuse through the thickness of the film. In addition, a variety of side-reactions may occur, in which the
electrolyte is reduced to form a passivating solid electrolyte interphase (SEI) layer on the electrode surface. In these
reactions, additional electrons combine with Li ions in the electrolyte, but the Li involved in these reactions cannot
be recovered. The rate of these side reactions progressively decreases as the passivating layer increases in thickness.
In subsequent discussions, we will denote the electric current density per unit area of Si electrode surface resulting from the
Li insertion reaction by I R , and the additional current density associated with SEI formation and other side reactions by I S .
We adopt a sign convention wherein positive current flow denotes a flow of electric current through the external circuit
from the Si electrode to the Li counter-electrode.
As Li is inserted into the Si electrode, its volume increases. The substrate prevents the electrode from expanding laterally,
so a large biaxial compressive stress develops in the film during the first lithiation cycle. The stress is sufficient to cause
permanent plastic deformation in the film, and the electrode accommodates the Li insertion by increasing its thickness.
At full capacity, the film thickness increases by nearly a factor of 3, so it is important to account for finite geometry changes
when modeling Li transport, stress, and deformation in the electrode.
As the Li concentration in the electrode increases, its electric potential relative to the counter-electrode decreases. When
it drops to a pre-determined value, the external current is reversed, and Li is removed from the electrode. This induces
tensile stress, which reverses the plastic strain. As Li is removed from the Si electrode its potential relative to the counterelectrode increases, and eventually reaches the initial value. In our simplest tests, the electrode is subjected to a number
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of successive cycles of this kind with a prescribed total current density. In more complex tests, such as the PITT experiments,
a prescribed history of voltage V is applied, and the current is measured.
The goal of our model is to predict the mechanical displacement and stress fields in the electrode; the variation of Li
concentration through the film thickness; the electric potential difference V between the electrodes, and the total current
flow I ¼ I R þ I S through the external circuit per unit surface area of electrode.
For this purpose, we adapt a continuum model of an electrochemical Li ion cell previously described in detail in (Bower
et al., 2011). We simplify calculations by neglecting electrical resistance (electrons flow freely); assuming infinitely fast Li ion
transport through the electrolyte; assuming that the electrolyte remains electrically neutral, and neglecting the potential
drop across the counter-electrode/electrolyte interface. The entire potential difference V between the two electrodes thus
appears across the Si/electrolyte interface. We then focus attention only on the transport, chemistry and deformation in the
thin film Si electrode, the electrochemical reaction at the Si/electrolyte interface that is responsible for inserting Li into the
electrode; and the side reaction associated with SEI formation.
We idealize the electrode material as an amorphous network of atoms, with molar density ρSi prior to lithiation. We take
the stress free Si as the reference configuration. When the electrode is lithiated, a molar density ρ of Li atoms per unit
reference volume is accommodated within interstitial sites of the reference lattice. In the following calculations, it is more
convenient to characterize the Li content by the molar Li concentration c ¼ ρLi =ρSi . We next proceed to describe separately
the equations governing mechanical deformation in the electrode; Li thermodynamics and transport through the film; and
electrochemical reactions at the Li/electrolyte interface.
3.1. Mechanical deformation
As Li is inserted into the Si electrode, it increases its thickness. As a result, a material particle that starts at position X
above the substrate will move to a new position x, with displacement u ¼ x X. The deformation of the film can be
characterized by the logarithmic ‘true’ strains


∂u
εyy ¼ εzz ¼ 0
ð3Þ
εxx ¼ log 1 þ
∂X
The strain in a representative volume element occurs by three processes, which can be visualized as occurring in sequence.
First, Li insertion causes the stress-free Si network to increase its volume. We assume that the volume change is
proportional to the Li molar concentration, so dV=dV 0 ¼ 1 þ βc, with a corresponding isotropic true strain logð1 þ βcÞ=3.
The expansion is accompanied by a small elastic distortion of the Si network (which induces stress), which we characterize
by an infinitesimal elastic strain εexx ; εeyy ¼ εezz . In addition, the solid experiences an irreversible, volume preserving plastic
deformation, which we characterize by a plastic stretch ratio λp in the plane of the film. Since the substrate prevents the film
from expanding in its own plane, the strains are related by the compatibility conditions


1
∂u
logð1 þ βcÞ  2 logðλp Þ þεexx ¼ log 1 þ
ð4Þ
3
∂X
1
1
logð1 þ βcÞ þ logðλp Þ þ εeyy ¼ logð1 þ βcÞ þ logðλp Þ þ εezz ¼ 0
3
3

ð5Þ

We characterize the stress state in the film by the Cauchy stress syy ¼ szz ¼ sðxÞ. We take the stress to be related to the elastic
strains by a concentration dependent biaxial modulus, so that
s ¼ MðcÞεeyy
We relate the modulus to the concentration by


c
M ¼ M 0 þM 1 log 1 þ
c0

ð6Þ

ð7Þ

where M 0 ; M 1 are material constants and c0 is the initial Li concentration. Note that the elastic constitutive law used here
differs from (Bower et al., 2011), which prescribed a linear relationship between Kirchhoff stress and elastic strain.
A logarithmic constitutive law for the biaxial modulus has been chosen, taking into account the measurements published
in (Sethuraman et al., 2010).
The plastic deformation is characterized by a viscoplastic constitutive equation relating the plastic stretch rate to stress
8
jsj r s0
0
λ_ p < 
m
ð8Þ
ε_ 0 jsj
s
p ¼

1
: 2 s0
λ
jsj jsj Z s0
where s0 is a concentration dependent yield stress; ε_ 0 is a characteristic strain rate, and m a stress exponent. The latter two
parameters are taken to be constant. The yield stress constitutive law is assumed to be a linear function of lithium
concentration
s0 ðcÞ ¼ s0 þ s1 ðc  c0 Þ
where s0 ¼ sjc ¼ c0 and s1 are constant material parameters.

ð9Þ
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3.2. Solution thermodynamics and Li transport
We adapt the model outlined in (Bower et al., 2011) to describe Li transport and alloying in the Si electrode. Diffusion of
Li through the Si electrode is driven by a chemical potential
 
γc
s2 ∂ 1
2sβ


μ ¼ μΘ þRT ln
ð10Þ
cmax c ρSi ∂c M
3ð1 þ βcÞρSi
where R is the gas constant and T is temperature. In Eq. (10) the first term is a reference chemical potential; while the
second term quantifies the chemical interaction of Li with the Si host matrix. With γ ¼ 1, this term accounts for entropic
contributions from the Li concentration and the host sites (cmax is the maximum Li molar concentration when all host sites
have been filled). The concentration dependent activity coefficient γ quantifies the free energy change resulting from
bonding between Li and the host. Guided by Verbrugge and Koch (1996), we use the following form for the activity
coefficient:


N
c n1
RT ln γ ¼ ∑ Ωn n
ð11Þ
cmax
n¼2
where Ωn are a set of coefficients that must be determined experimentally. Finally the last two terms in Eq. (10) are the
contributions to the chemical potential from stress, which have been derived by several authors (Larché and Cahn, 1973;
Li, 1978). The variation of chemical potential with Li concentration used here differs from Ref. (Bower et al., 2011), which
included only the entropic contribution to the free energy. The additional terms used here are necessary to characterize the
variation of open circuit potential with concentration correctly, and have a significant influence on transport under nonequilibrium conditions.
The molar flux of Li crossing a surface with unit area in the plane of the film is related to the chemical potential gradient
through Fick's law
jX ¼ 

D
∂μ
ρ c
RT Si ∂x

ð12Þ

where D is the diffusion coefficient. Note that the spatial derivative is used in Eq. (12), which differs from Ref. (Bower et al.,
2011). The spatial description ensures that the effective diffusion coefficient is independent of deformation. Mass
conservation requires that
ρSi

dc
dj
¼ X
dt
dX

ð13Þ

Finally, the Li flux at the upper and lower surfaces of the film satisfies
jX ¼ 0 ðX ¼ 0Þ

jX ¼ I R =F ðX ¼ HÞ

where F is the Faraday constant (the absolute value of the charge of one mol of electrons), and I R is the electric current
associated with the charge transfer reaction that accompanies Li insertion into the electrode. Separate constitutive
equations, to be listed in the next section, govern the relation between I R and the electric potential difference across the Si
electrode/electrolyte interface.
3.3. Surface electrochemical reactions
Two separate electrochemical reactions are assumed to take place at the Si/electrolyte interface. In the first, Li ions in the
electrolyte combine with electrons and are inserted into host sites S in the Si network, with the reaction
Li þ þe  þ S-½Li þ δ  S  δ 

ð14Þ

here, S denotes available host sites. We quantify the rate of this reaction by the phenomenological Butler–Volmer equation,
which relates the current density I R to the over-potential at the solid/electrolyte interface as follows:





αFη
ð1 αÞFη
exp 
ð15Þ
I R ¼ i0 exp
RT
RT
here, 0 oα o 1 is a phenomenological constant, η ¼ V U 0 is the ‘overpotential’ applied across the interface – the difference
between the externally applied potential V and the open circuit potential U 0 . A straightforward thermodynamic argument
shows (Sethuraman et al., 2010) that the open-circuit potential must be related to the chemical potential of Li at the surface
of the electrode by
 
μ
μΘ RT
γc
s2 ∂ 1
2βs
ln
þ

þ
U0 ¼  ¼ 
ð16Þ
F
F
cmax  c FρSi ∂c M
3Fð1 þβcÞρSi
F
The factor i0 in Eq. (15) is the exchange current density (which, indirectly, characterizes the apparent resistance of
the interface to electric current flow). The exchange current density depends on the Li concentration at the surface of the
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electrode, and the Li concentration ρLi þ of Li þ ions in the electrolyte adjacent to the interface through


α 

c
c ð1  αÞ
ka
i0 ¼ F kc ρLi þ 1 
cmax
cmax

285

ð17Þ

here, kc and ka represent concentration dependent cathodic and anodic rate constants. The constants cannot be determined
uniquely from our experimental data, so we use the following expression to fit the variation of a combination of reaction
rates with concentration


π c
ð1  αÞ
ðρLi þ kc Þα ka
ð18Þ
¼ k0 þ k1 sin
2 cmax
where k0 and k1 are constants that must be fit to experimental data.
In addition to the reaction that leads to Li insertion into the electrode, additional reactions occur at the negative
electrode/electrolyte interface whenever the electrode potential falls below the value necessary to reduce the electrolyte.
The product of the electrolyte decomposition forms a solid layer on the surface of the active material. This SEI layer is
permeable to lithium ions, but has a high resistivity, and electrolyte can diffuse only slowly through the SEI. The rate of the
side reactions thus decreases as the SEI layer increases in thickness. This SEI formation represents a significant source of
capacity loss in the thin film electrodes tested in our study, and must be modeled explicitly. We attempted to fit our
experimental data with standard models of SEI formation (Ploehn et al., 2004; Smith et al., 2011; Pinson and Bazant, 2013).
These generally predict that the SEI thickness and total capacity loss vary with time as t 1=2 after an initial transient.
We found that these relations do not fit our experimental data. As previously reported by Nadimpalli et al. (2012), we
observe an initial rapid loss of capacity during the first lithiation cycle, but the rate of capacity loss during a small number of
subsequent cycles is difficult to detect. Standard SEI models give a good fit to capacity loss measurements over a long time
period (e.g. Pinson and Bazant (2013)) but underestimate the large first cycle capacity loss. We have therefore used a simple
phenomenological relation to fit our data. To account for side reactions, the total current through the external circuit is
divided into two contributions
I ¼ I R þI S

ð19Þ

where I is the total externally applied current, I R is the current supplied to the desired Faradaic reaction calculated using
Eq. (15), and I S is the current going into SEI formation. The electrolyte reduction is assumed to occur at the surface of the
electrode, and to follow Tafel kinetics, with an equilibrium potential U 0;SEI of 0.8 V vs. Li/Li þ (Cheng and Verbrugge, 2010).
The current density associated with the SEI reaction is expressed as




Q
2α F
I S ¼  i0;SEI 1  loss exp  side ðV U 0;SEI Þ
ð20Þ
RT
Q SEI
where i0;SEI and Q SEI are phenomenological constants, αside is the apparent transfer coefficient and V is the electrode
potential, and
Z t
Q loss ¼ 
I S dt
ð21Þ
0

is the total charge per unit area of surface lost to the side reaction.

3.4. Numerical solution of governing equations
The equations listed in the preceding section are in general too complex to be solved analytically. There is no difficulty in
obtaining numerical solutions, however. We have followed two approaches to solving the equations here. For the limiting
case where the film is lithiated very slowly compared to the characteristic time associated with Li transport through the
thickness of the film, the analysis can be simplified by assuming that the Li concentration remains uniform through the
electrode thickness. In this case, the Li concentration is related to the total current by
∂c
IR
¼
∂t
FρSi H

ð22Þ

where H is the initial film thickness, and I R is related to the total external current and potential by Eqs. (15), (19) and (20).
The stress in the film is then uniform and can be computed by integrating the ODE

m
∂ s
β
∂c ε_ 0 jsj
s
¼

ð23Þ
1
∂t M
3ð1 þβcÞ ∂t
jsj
2 s0
If significant concentration gradients develop through the film thickness, a more sophisticated procedure must be used to
determine the variations of stress and concentration through the film thickness. We have used a simple one-dimensional
finite element method for this purpose, which is summarized briefly in Appendix.
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4. Determining values for material parameters
The model of the electrochemical–mechanical problem involves a large number of parameters. Where possible,
parameters were determined from literature data. In particular, the molar density and elastic properties of un-lithiated
amorphous Si were determined from. (Freund and Suresh, 2004; Mohr et al., 2008; Brantley, 1973); while the volumetric
expansion of Si with Li concentration was taken from. (Obrovac and Krause, 2007). Values for these properties are listed in
Table 2. In the following sections, we describe briefly the procedure that was used to fit parameters to experimental
measurements.

4.1. Elastic and plastic properties of a-Si
The material parameters governing the mechanical response of the Si electrode were fit to experimental measurements
in which a 127 nm thick electrode was lithiated and de-lithiated at a constant current density, as described in Section 3.
The conditions of the experiment are summarized in Table 1. The electrode thickness in this experiment is sufficiently small
to ensure that the concentration remains uniform. The material is therefore effectively subjected to a prescribed cycle of
externally applied strain as Li is inserted and removed from the film. By measuring the resulting cycle of stress, it is possible
to determine the parameters ðM0 ; M1 Þ characterizing the variation of elastic modulus with concentration in Eq. (7), together
with the parameters ð_ε0 ; s0 ; s1 ; mÞ that govern the rate dependent plastic flow in the film, as defined in Eqs. (8) and (9).
These parameters were fit to the cycles of stress shown in Fig. 3c (red curve), which were obtained from the
measurements corresponding to Cell 151 in Table 1. The elastic constants ðM 0 ; M 1 Þ were fit to the slope of the stress-vcapacity curves at the point where the direction of the external current was reversed. The parameters ð_ε0 ; s0 ; s1 Þ were fit to
obtain the correct variation of flow stress with capacity. The values that best fit the experiment are listed in Table 2. Since
the flow stress did not change significantly as the lithiation rate was increased in the successive cycles of this test, it appears
that the Si flow stress is only weakly strain rate sensitive. Any value for the stress exponent m 450 will fit the experimental
data. We have used m ¼50 in all the remaining computations reported in this paper.

4.2. Parameters characterizing solution thermodynamics and Li insertion reactions
The electrochemical performance of the working electrode is determined primarily by the concentration dependent
activation coefficient γ in Eqs. (10) and (11), together with the variation of exchange current density defined in Eqs. (15), (17)
and (18). These are parameterized by the coefficients Ωn in Eq. (11) (which quantify the free energy of mixing), and the
coefficients ðk0 ; k1 Þ in Eq. (18) (which characterize the variation of exchange current density with concentration).
Table 2
Parameters used in modeling thin film electrode. Parameters without cited references were determined through model
calibration.
Molar density of Si

7:874  104 mol=m3 , Mohr et al. (2008)

Mass density of a-Si film

2:35  103 kg=m3 , Brantley (1973)
3.75
80 GPa, Freund and Suresh (2004)
0:22, Freund and Suresh (2004)
β ¼ 0:7, Obrovac and Krause (2007)
96,485 C/mol, Mohr et al. (2008)
8.314 J K  1 mol  1, Mohr et al. (2008)
298 K
 87 4 GPa
0:49 7 0:08 GPa
0:07 7 0:02 GPa

Maximum Li relative molar concentration cmax
Young modulus of a-Si, E0
Poisson's ratio of a-Si, ν
Volumetric expansion of Si with Li concentration
Faraday constant, F
Gas constant, R
Temperature, T
Factor M1 in Young modulus constitutive law
Yield stress of Si at initial Li concentration, s0
Rate of change of flow stress with Li concentration, s1
Characteristic strain rate for plastic flow in Si, ε0
Stress exponent for plastic flow, m
Parameter k0 of the Faradaic reaction rate constant

0:64  10  9 s  1
50
2:5  10  8 mol

1α

1α

Parameter k1 of the Faradaic reaction rate constant

7:5  10  8 mol

Side reaction rate constant i0,SEI

1  10  9 A m  2
0.8 V
0.05 C cm  2
0.74 V

Equilibrium potential of SEI side reaction U0,SEI
Charge loss in side reactions Qloss
Stress free rest potential at reference concentration U Θ
0
Ω2 =F
Ω3 =F
Ω4 =F
Ω5 =F
Ω6 =F
Ω7 =F

0.8735 V
0.7185 V
 4.504 V
6.876 V
 4.6272 V
1.1744 V

m  2 þ 3α s  1
m  2 þ 3α s  1
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Fig. 7. Comparison of the curve adopted for open circuit potential (by choosing the coefficient of the series expansion of Eq. (11)) and the curves measured
in lithiation and delithiation of sputtered amorphous silicon films (Baggetto et al., 2008) or obtained with first principle calculations (Chevrier and
Dahn, 2009).

In principle, the coefficients Ωn can be determined through Eq. (16) by measuring simultaneously the variation of rest
potential and stress with concentration. The rest potential is difficult to determine accurately, however, because the
potential vs. current curves in experiments differ during lithiation and de-lithiation. We have therefore used literature data
(from GITT experiments (Hatchard and Dahn, 2004) and from measurements and first principle calculations (Chevrier and
Dahn, 2009)) to determine Ωn and ΔϕΘ
0 . The resulting fit is shown in Fig. 7, which displays the predicted open-circuit
potential for a stress-free electrode as a function of concentration. The experimental data from Ref. (Hatchard and Dahn,
2004) and the ab-initio predictions from Ref. (Chevrier and Dahn, 2009) are shown for comparison.
The coefficients ðk0 ; k1 Þ in Eq. (18) were determined from our PITT experiments. The values were selected to fit the peak
values of the current at the beginning of each voltage step. The resulting values, listed in Table 2, allowed an accurate
prediction of the quick drop or increase of the potential at the beginning of a charge or discharge cycle in galvanostatic
experiments (as shown in Fig. 3b and 5a for Cell 151 and Cell 200 respectively).
Finally, the exchange current density i0;SEI in our model of capacity loss to SEI formation (Eq. (20)) was determined by
fitting the predicted time variation of voltage for Cell 151 for the four successive charge/discharge cycles to experiment. The
total capacity Q SEI loss was taken from experimental measurements previously reported in Ref. (Nadimpalli et al., 2012).

4.3. Lithium diffusivity
The potentiostatic intermittent titration technique (PITT) is an electroanalytical method developed by Weppner and
Huggins (1977) and Wen et al. (1979) to study diffusion of the mobile species (such as lithium) across the thinnest
dimension of a solid electrode in a slab geometry. In the standard PITT measurement, a step change in voltage δV is applied
to the electrode, and the subsequent transient current IðtÞ is measured. If transport in the electrode obeys Fick's law
∂c
∂2 c
¼D 2
∂t
∂x

ð24Þ

and the Li insertion reaction occurs sufficiently rapidly to ensure that transport in the electrode is the rate limiting process,
then the transient current in an electrode with thickness h can be approximated by the relation


2Q D
π 2 Dt
ð25Þ
IðtÞ ¼ 2 exp 
2
h
4h
where
Z
Q¼

1

IðtÞdt
0

ð26Þ

The diffusion coefficient can be extracted by fitting the predictions of Eq. (25) to experiment. In the system tested here,
however, the transient current does not follow the behavior predicted by Eq. (25). This is partly because the Li insertion
reaction kinetics cannot be neglected (Li et al. (2012) provide a correction to (25) to account for this); and partly because the
chemical potential in Eq. (10) departs from ideal behavior. For small perturbations in concentration δc relative to an initial
concentration c, Eqs. (10), (12) and (13) can be combined and linearized to yield
∂δc
∂2 δc
¼ D~
∂t
∂x2

ð27Þ
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Fig. 8. Values of diffusion coefficient D determined from PITT experiments. The points show values determined using Eq. (25) to estimate the apparent
diffusion coefficient and correcting the value using (28); the line shows the value determined by fitting full numerical simulations to the PITT data shown
in Fig. 6(b).

where



 






cmax
∂ ln γ
∂μ ∂s
~ ¼ D c ∂μ þ ∂μ ∂s ¼ D
þc
þ
D
RT ∂c s ∂sc ∂δc
RT
∂sc ∂δc
cmax c ∂ ln c

ð28Þ

is an apparent diffusion coefficient. The apparent diffusion coefficient can be extracted from a PITT measurement, and the
~
intrinsic diffusivity can be determined if the enhancement factor D=D
can be found. The first two terms in the correction to
the diffusion coefficient arise from the non-ideal free energy of mixing. The first term provides a significant contribution
when the Li concentration is close to the saturation value cmax . In addition, because the chemical potential μ depends on
stress, the enhancement factor is history dependent. If the increment in concentration δc is such that the electrode deforms
elastically, then ∂s=∂δc  Mβ, whereas for plastic loading ∂s=∂δc  s1 . The effects of stress can thus be minimized by ensuring
that the voltage step δV tends to deform the electrode plastically.
We have accordingly used two approaches to estimate values for the diffusion coefficient from our experiments. In the
~ were estimated by fitting Eq. (25) to the measured transient current curves, and D was
first approach, values for D
determined by correcting the measurements using Eq. (28). The results of these calculations are displayed as symbols in
Fig. 8. In this approach, each successive experiment yields a separate value for D. In the second approach, a value for D was
determined by fitting full numerical simulations of the PITT experiment to the experimental data. This approach accounts
rigorously for departures from the ideal diffusion model resulting from stress and the free energy of mixing, and also
accounts for nonlinearities arising from the Li insertion kinetics. A single diffusion coefficient of D ¼ 10  19 m2 s  1 was
found to predict the experimentally measured transients in the PITT experiments over the full range of Li concentration. This
value also corresponds approximately to the average value of the diffusion coefficients determined from the classical model
of the PITT experiment.
5. Discussion
We proceed to compare the predictions of our model with experimental measurements. Fig. 3 shows the predictions and
experimental data for Cell 151. The data from this test were used to determine material parameters. Fig. 3a shows the
variation of externally applied current I with time for this experiment: the electrode was lithiated and de-lithiated in five
successive cycles with a progressively increasing applied current, which effectively exposes the electrode material to an
externally applied cycle of volumetric strain at a progressively increasing rate. The figure also shows the predicted variation
of the lithiation current I R with time in this experiment: the difference I S ¼ I  I R is expended in forming SEI on the electrode
surface. The total charge loss of 0.014 mAh/cm2 is comparable to that measured by Nadimpalli et al. (2012).
The measured and predicted variations of stress in Cell 151 are compared in Fig. 3c. Note that both experimental
measurements and computations show the apparent true stress (the total film force, obtained by integrating the computed
Cauchy stress through the current film thickness is divided by the nominal current electrode thickness computed according
to Eq. (2)), and also include the initial residual stress. During cycles 2–5, the measured and predicted stresses are in good
qualitative agreement: the predictions capture the variation of modulus and flow stress with Li concentration and lithiation
rate. The detailed features on the experimental stress curves that are not captured perfectly by the model, but these features
are not repeatable (see data for cell 200 shown in Fig. 5b, for example). The most significant discrepancy between predicted
and measured behavior occurs during the first lithiation cycle. The model predicts elastic behavior up to the initial yield (the
stress-v-capacity curve is somewhat lower than the elastic modulus because of charge lost to the SEI) but the slope of the
stress-v-capacity curve measured experimentally is consistently well below model predictions. It is possible that some
structural rearrangement, akin to a phase transition in crystalline Si, occurs during the initial lithiation of a-Si. After the
initial lithiation cycle, however, model predictions are in good agreement with experiment.
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Our experimental data suggests that elastic biaxial modulus varies from 102.6 GPa in the un-lithiated electrode to
64:1 7 19:2 GPa at full charge capacity, which is in good agreement with values previously reported in (Shenoy et al., 2010).
The flow stress measured here is comparable to values measured in (Bower et al., 2011). The value m ¼50 found for the
stress exponent is substantially greater than values reported previously, however. For example, Ref. (Bower et al., 2011) used
a value m ¼4 to fit their data, but this value was fit to only a single charge–discharge cycle at a fixed current density, and so
did not provide an accurate measure of the stress exponent. Soni et al. (2012) found m ¼5 fit stress measurements in
experiments similar to those described here, but in their experiments the films were found to fracture, which would tend to
enhance the variation of the average stress with charging rate.
Recent atomistic simulations of Li insertion and plasticity in amorphous Si (Zhao et al., 2011) suggest that a more
sophisticated model of the kinematics of Li insertion and plasticity may be required than the multiplicative decomposition
of deformation gradients that leads to Eqs. (4) and (5). Our constitutive equations assume that volumetric strains in the
amorphous Si network depend only on the Li concentration, and deviatoric (volume preserving) plastic strains occur only as
a result of deviatoric (shear) stresses. Motivated by atomistic simulations, Zhao et al. (2012) have proposed a more
sophisticated constitutive model in which plasticity and Li insertion are fully coupled. The experimental measurements
reported here cannot determine whether this more sophisticated treatment is necessary to predict accurately the variation
of stress in our thin-film electrodes, since both approaches will fit our experimental data with appropriate material
parameters. Experimental measurements in which the stress in the a-Si can be varied at fixed Li concentration, for example
using micro-pillar indentation tests, would be necessary to resolve this question.
The measured and predicted voltage vs. time curves for Cell 151 are compared in Fig. 3b. The predicted voltage differs
slightly from experiment during the initial cycle of lithiation (the discrepancy may be related to the difference between
measured and predicted stress, since the cell potential is stress dependent). After the initial cycle, however, the model
predicts voltages that are in excellent agreement with experiment. It should be noted that although (16) contains a number
of adjustable parameters through the concentration dependence of the activation coefficient (defined in Eq. (11)), these
parameters were fit to ab-initio simulations reported in Ref. (Chevrier and Dahn, 2009).
We have validated the model by predicting the stress and voltage for a second cell, using the same material parameters
determined from Cell 151. Cell 200, which had an electrode with thickness 103 nm, was subjected to 10 successive charge/
discharge cycles at a constant current density (test conditions are listed in Table 1). The variation of current density with
time (and the predicted current I R associated with Li insertion) is shown in Fig. 4, and the measured and predicted
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Fig. 9. Variations of (a) concentration; (b) plastic strain and (c) stress through the thickness of the film following the voltage step from 0.25 to 0.20 V in the
PITT experiment. The stress tends to decrease because the yield stress of the electrode decreases with Li concentration.
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mechanical and electrical responses of this electrode are compared in Fig. 5. The results are displayed as the variation of
stress or potential with capacity, to enable behavior under successive cycles to be compared. As before, there is a
discrepancy between measured and predicted stress during the initial lithiation. For subsequent cycles, model predictions
are in good agreement with experiment, and capture the evolution of stress with successive cycles of charge. Similarly, the
predicted voltage-v-capacity curve exceeds the experimentally measured values for the first three cycles, but is in good
agreement for cycles 4–10.
Finally, we compare the measured and predicted behavior during PITT experiments in Fig. 6, in which the electrode was
subjected to a series of step changes in voltage. Figs. 9 and 10 show the predicted variation of Li concentration, stress, and
plastic strain through the thickness of the film following a representative lithiation step (Fig. 9) and a de-lithiation step
(Fig. 10). A step reduction in voltage causes a transient increase in Li concentration at the surface of the film, which
subsequently propagates through the film thickness. The rate of decay of this transient is controlled by the diffusion
coefficient. The predicted variations of stress and plastic strain through the film thickness are of particular interest, since
stress gradients give rise to additional driving forces for diffusion and cause the transient current measured in the PITT
experiment to deviate from the predictions of the idealized model in Eq. (25). The experiments were designed to minimize
the effects of stress by selecting the voltage steps so as to deform the film plastically. Model predictions suggest that an
approximately 10% variation in stress occurs through the thickness of the film during each transient, so the term involving
stress in Eq. (28) can be neglected.
The predicted average through-thickness stress and the magnitude of the current following each voltage step are
compared to experimental measurements in Fig. 6b, while Fig. 11 shows a more detailed comparison of the measured and
predicted transient current following selected voltage steps during both lithiation and de-lithiation. The model predicts
accurately the step increase in current following each voltage step and for most voltage steps also predicts correctly the
subsequent transient decay. There are some discrepancies between measured and predicted relaxation curves following
voltage steps from 0.2 V to 0.05 V during the lithiation phase of the cycle, but the transient currents measured
experimentally for these voltage steps differ substantially from the expected exponential decay, suggesting that some
physical process not considered in our model may begin to play a role at low voltages.
The predicted variation of stress with time is in qualitative agreement with the PITT experiments. The model correctly
estimates the magnitude of the short-term transient stress variations following a voltage jump.
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Fig. 10. Variations of (a) concentration; (b) plastic strain and (c) stress through the thickness of the film following the voltage step from 0.30 to 0.35 V in
the PITT experiment. The stress gradient is higher at the beginning of the voltage step, when Li concentration gradient is also more severe, and it relaxes
while the cell voltage is held constant and lithium diffuse through the electrode thickness.
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Voltage held at 0.25, 0.35, 0.7
and 0.9 V in delithiation
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Fig. 11. Comparison of predicted and measured current density following a step change in voltage: (a) transients following a lithiation step and
(b) transients following a de-lithiation step. The current intensity data plotted herein are extracted from the complete set of experimental and numerical
results of the PITT experiment represented in Fig. 6b. The prediction of the model is more accurate in the cases considered in Fig. 11a, while in delithiation
the computation tends to overestimate the slope in correspondence of certain voltage steps.

6. Conclusions
A combination of experimental measurements and numerical simulations were used to characterize the mechanical and
electrochemical response of thin-film amorphous Si electrodes during cyclic lithiation. In the experiments, films were
subjected to repeated cycles of lithiation and de-lithiation at either prescribed current density, or with prescribed
increments of applied external potential. The variation of stress and current (or potential) were measured in-situ.
The experiments were idealized by extending the continuum model from (Bower et al., 2011) to include a more accurate
description of Li solution thermodynamics and transport, as well as a simple treatment of the capacity loss resulting from
formation of the solid electrolyte interphase on the electrode surface.
The comparison of theory and experiment enabled material parameters characterizing both the mechanical and
electrochemical response of amorphous Si to be extracted from the experiments; resulting values are listed in Table 2.
The variation of elastic biaxial modulus was fit using a logarithmic variation with Li concentration, and was found to vary
from 102.6 GPa in the un-lithiated electrode to 64:1 7 19:2 GPa at full charge capacity (the Young modulus varies varies
from 80 GPa to 507 15 GPa). These values are in good agreement with previously reported data (Shenoy et al., 2010).
The inelastic response was approximated using a power-law rate dependent viscoplastic constitutive equation, with a linear
concentration dependent flow stress varying from 0:49 70:08 GPa at zero concentration to 0:23 7 0:08 GPa at full capacity,
and a stress exponent of 50.
The Li solution thermodynamics were characterized in our model by a series expansion of the variation of open circuit
potential for a stress free electrode as a function of concentration. The variation of potential with concentration predicted by
ab-initio computations reported in (Chevrier and Dahn, 2009) is found to give a good match to experimentally measured
potential-v-capacity curves. PITT measurements, in combination with numerical simulations, were also used to determine
the diffusion coefficient for Li in a-Si. Experiments were best fit with a diffusion coefficient 10–19 m2 s  1, which is
comparable to, but on the low end of the range 10  16 –10  10 cm2 s  1 measured in previous experiments (Ding et al., 2009;
Ruffo et al., 2009; Li et al., 2012; Hüger et al., 2013).
The experiments were also used to estimate the variation of exchange-current density in the Li insertion reaction with
concentration. The exchange current density was found to be i0  O(10 A/cm2), comparable to the value obtained by
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Chandrasekaran et al. (2010), while the values reported in literature for lithium–silicon battery systems (Bernardi and
Newman 1987; Baggetto et al., 2009; Srinivasan 2009) vary by several orders of magnitude.
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Appendix. Numerical procedure
In this appendix we outline briefly the one-dimensional finite element method that was used to compute the variation of
concentration and stress in the electrode. Following the standard procedure, we interpolate the variation of concentration c
and chemical potential μ between a set of discrete values ca ; μa defined at a set of discrete points X a in the reference
configuration. The values of c; μ over a representative interval X a  1 o X o X a are linearly interpolated as
c ¼ N a  1 ðXÞca  1 þ Na ðXÞca

ð29Þ

μ ¼ Na  1 ðXÞμa  1 þN a ðXÞμa
through the shape functions
Na  1 ðXÞ ¼

X  Xa
Xa  1  Xa

N a ðXÞ ¼

X X a  1
Xa  Xa  1

ð30Þ

The discrete values of ca ; μa are known at the time t n , and must be computed at time t n þ 1 ¼ t n þΔt. To this end the diffusion
equations are written in an equivalent integral form suitable for finite element discretization. For small elastic strains, the
diffusion equations, together with the boundary conditions can be expressed in weak form as
Z H
Z H
∂c
D ∂μ ∂δc

dX ¼ jX ðHÞδcðHÞ
ð31Þ
∂t
βRT
∂X ∂X
0
0
where jX ðHÞ is the flux imposed on the top surface of the film. Similarly, the governing equation for the chemical potential is
written as
 

 
Z H
γc
s2 ∂ 1
2sβ


μδμ  μΘ þ RT ln
δμ dX ¼ 0
ð32Þ
cmax  c ρSi ∂c M
3ð1 þ βcÞρSi
0
The variations of concentration and chemical potential δc ¼ Nb δcb , δμ ¼ Nb δμb are interpolated using the Eq. (29), and a
forward-Euler scheme is used to integrate (31) with respect to time. Substituting the interpolations into (31) and (32) and
noting that the equations must be satisfied for all δcb , δμb yielding to a discrete system of nonlinear equations

Z H
Δc a
D ∂μ ∂N a
N 
dX  jX ðHÞNa ðHÞ ¼ 0
ð33Þ
Rca ¼
Δt
βRT ∂X ∂X
0
Rμa ¼

Z

H
0

Z
μN a dX 

H
0


μΘ þ RT ln

 

γc
s2 ∂ 1
2sβ


Na dX ¼ 0
cmax  c ρSi ∂c M
3ð1 þ βcÞρSi

ð34Þ

where Δc ¼ Na Δca denotes the change in concentration during the time interval Δt ¼ t n þ 1 t n ,while μ ¼ Na μa and c ¼ Na ca
are the chemical potential and the concentration at time t n þ 1 .
The system of Eqs. (33) and (34) may be solved by the Newton–Raphson iteration for the unknown values
ðμa ; ca Þ; a ¼ 1; …k, where k is the number of nodes of the finite elements discretization. At the generic iteration the
current approximation of ðμa ; ca Þ is updated to ðμa þ δμa ; ca þδca Þ with the correction ðδμa ; δca Þ computed by solving the
following system of linear equation:
cμ
c
a
b
b
K cc
ab dc þ K ab dμ ¼ Ra þjx ðHÞN ðHÞ

dcb þ K μμ
dμb ¼ Rμa
K μc
ab
ab

ð35Þ

with the following definitions:
R H h 1 b ai
K cc
ab ¼ 0 Δt N N dX
Z

D ∂Nb ∂N a
dX
0 βRT ∂X ∂X
 

Z H 
∂ Θ
γc
s2 ∂ 1
2sβ
μ þ RT ln

K μc

¼
Nb Na dX
ab
cmax c ρSi ∂c M
3ð1 þβcÞρSi
0 ∂c
Z h0A
¼
Nb Na dX
K μμ
ab
K cμ
¼
ab

0

H

ð36Þ
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The lithium flux jX ðHÞ applied as boundary condition at anode–electrolyte interface is defined according to the kind of
experiment being simulated. For galvanostatic processes the flux is function of the total current intensity I applied to the
electrode
jX ðHÞ ¼

IR
I  IS
¼
FρSi
FρSi

ð37Þ

while in a potentiostatic test the Butler–Volmer Eq. (15) returns the total current intensity from the imposed cell voltage V
jX ðHÞ ¼

IðVÞ I S
FρSi

ð38Þ

In both cases the amount of current available to the Faradaic reaction is computed by subtracting the quantity I S (see Eq. (20))
diverted to SEI formation.
The stress measure s can be computed at time t n þ 1 according with
sn þ 1 ¼ sn þ







m
E ∂ 1ν n
Eβ
E_ε0 Δt sn þ 1
s 
Δc 
1
1  ν ∂c
E
3ð1 νÞð1 þ βcÞ
2ð1 νÞ
s0

ð39Þ

The material properties ðM; s0 ; ε_ 0 ; mÞn are computed from the concentration at the time t n and Eq. (39) must be solved
iteratively forsn þ 1 .
References
Anand, L., 2012. A Cahn–Hilliard-type theory for species diffusion coupled with large elastic–plastic deformations. J. Mech. Phys. Solids 60, 1983–2002.
Baggetto, L., Niessen, R.A.H., Notten, P.H.L., 2008. High energy density all-solid state batteries: a challenging concept towards 3D integration. Adv. Funct.
Mater. 18, 1057–1066.
Baggetto, L., Oudenhoven, J.F.M., van Dongen, T., Klootwijk, J.H., Mulder, M., Niessen, R.A.H., de Croon, M.H.J.M., Notten, P.H.L., 2009. On the electrochemistry
of an anode stack for all-solid-state 3D-integrated batteries. J. Power Sources 189, 402–410.
Baranchugov, V., Markevich, E., Pollak, E., Salitra, G., Aurbach, D., 2007. Amorphous silicon thin films as a high capacity anodes for Li-ion batteries in ionic
liquid electrolytes. Electrochem. Commun. 9 (4), 796–800.
Bernardi, D., Newman, J., 1987. Mathematical modeling of lithium(alloy), iron disulfide cells. J. Electrochem. Soc. 134, 1309–1318.
Bhandakkar, T.K., Gao, H.J., 2010. Cohesive modeling of crack nucleation under diffusion induced stresses in a thin strip: Implications on the critical size for
flaw tolerant battery electrodes. Int. J. Solids Struct. 47 (10), 1424–1434.
Boukamp, B.A., Lesh, G.C., Huggins, R.A., 1981. All-solid lithium electhrodes with mixed-conductor matrix. J. Electrochem. Soc. 128, 725.
Bower, A.F., Guduru, P.R., Sethuraman, V.A., 2011. A finite strain model of stress, diffusion, plastic flow, and elecrochemical reactions in lithium-ion half-cell.
J. Mech. Phys. Solids 59, 804–828.
Brantley, W.A., 1973. Calculated elastic constants for stress problems associated with semiconductor devices. J. Appl. Phys. 44 (1), 534–535.
Chan, C.K., Peng, H., Liu, G., McIlwrath, K., Zhang, X.F., Huggins, R.A., Cui, A.Y., 2008. High performance lithium battery anodes using silicon nanowires. Nat.
Nanotechnol. 3, 31–35.
Chandrasekaran, R., Magasinski, A., Yushin, G., Fuller, T.F., 2010. Analysis of lithium insertion/deinsertion in a silicon electrode particle at room temperature.
J. Electrochem. Soc. 157, A1139–A1151.
Cheng, Y.T., Verbrugge, M.W., 2010. Diffuusion-induced stress, interfacial charge transfer, and criteria for avoiding crack initiation of electrode particles. J.
Electrochem. Soc. 157 (4), A508–A516.
Chevrier, V.L., Dahn, J.R., 2009. First principles model of amorphous silicon lithiation. J. Electrochem. Soc. 156, A454–A458.
Deshpande, R., Qi, Y., Cheng, Y.-T., 2010. Effects of concentration-dependent elastic modulus on diffusion-induced stresses for battery applications. J.
Electrochem. Soc. 157 (8), A967–A971.
Deshpande, R., Cheng, Y.T., Verbrugge, M.W., 2010. Modeling diffusion-induced stress in nanowire electrode structures. J. Power Sources 195 (15),
5081–5088.
Development of high-capacity lithium-ion battery. Panasonic Corporation. Available from: 〈http://panasonic.co.jp/corp/news/official.data/data.dir/
jn091225-1/jn091225-1.html〉 [Online].
Dimov, N., Yoshio, M., 2007. Towards creating reversible silicon-based composite anodes for lithium ion batteries. J. Power Sources 174 (2), 607–612.
Ding, N., Xu, J., Yao, Y.X., Wegner, G., Fang, X., Chen, C.H., 2009. Determination of the diffusion coefficient of lithium ions in nano-Si. Solid State Ionics 180
(2–3), 222–225.
Freund, L.B., Suresh, S., 2004. Thin Film Materials: Stress, Defect Formation and Surface Evolution. Cambridge University Press, Cambridge, UK.
Gao, B., Sinha, S., Fleming, L., Zhou, O., 2001. Alloy formation in nanostructured silicon. Adv. Mater. 13 (11), 816–819.
Graetz, J., Ahn, C.C., Yazamai, R., Fultz, B., 2003. Highly reversible lithium storage in nanostructured silicon. Electrochem. Solid-State Lett. 6 (9), A194.
Greena, M., Fieldera, E., Scrosati, B., Wachtlerb, M., Moreno, J.S., 2003. Structured silicon anodes for lithium battery applications. Electrochem. Solid-State
Lett. 6 (5), A75–A79.
Haftbaradaran, H., Gao, H.J., Curtin, W.A., 2010. A surface locking instability for atomic intercalation into a solid electrode. Appl. Phys. Lett. 96 (9), 091909.
Hatchard, T.D., Dahn, J.R., 2004. In situ XRD and electrochemical study of the reaction of lithium with amorphous silicon. J. Electrochem. Soc. 151 (6),
A383–A842.
Hertzberg, B., Benson, J., Yushin, G., 2011. Ex-situ depth-sensing indentation measurements of electrochemically produced Si-Li alloy films. Electrochem.
Commun. 13 (8), 818.
Huang, S., Zhu, T., 2011. Atomistic mechanisms of lithium insertion in amorphous silicon. J. Power Sources 196, 3664–3668.
Hüger, E., Dörrer, L., Rahn, J., Panzner, T., Stahn, J., Lilienkamp, G., Schmidt, H., 2013. Lithium transport through nanosized amorphous silicon layers. Nano
Lett. 13 (3), 1237–1244.
Kasavajjula, U., Wang, C., Appleby, A.J., 2007. Nano- and bulk-silicon-based insertion anodes for lithium-ion secondary cells. J. Power Sources 163,
1003–1039.
Larché, F., Cahn, J.W., 1973. A linear theory of thermochemical equilibrium of solids under stress. Acta Metall. 21, 1051–1063.
Lee, S.-J., Lee, J.-K., Chung, S.-H., Lee, H.-Y., Lee, S.-M., Baik, H.-K., 2001. Stress effect on cycle properties of the silicon thin-film anode. J. Power Sources
97–98, 191–193.
Li, J., Xiao, X., Yang, F., Verbrugge, M.W., Cheng, Y.T., 2012. Potentiostatic intermittent titration technique for electrodes governed by diffusion and interfacial
reaction. J. Phys. Chem. 116, 1472–1478.
Li, J.-M., 1978. Physical chemistry of some microstructural phenomena. Metall. Trans. A 9A, 1353–1380.

294

G. Bucci et al. / J. Mech. Phys. Solids 62 (2014) 276–294

Liu, W.-R., Yang, M.-H., Wu, H.-C., Chiao, S.M., Wu, N.-L., 2005. Enhanced cycle life of Si anode for Li-ion batteries by using modified elastomeric binder.
Electrochem. Solid-State Lett. 8 (2), A100–A103.
Maranchia, J.P., Hepp, A.F., Kumta, P.N., 2003. High capacity, reversible silicon thin-film anodes for lithium-ion batteries. Electrochem. Solid-State Lett. 6 (9),
A198–A201.
Mohr, P.J., Taylor, B.N., Newell, D.B., 2008. Codata recommended values of the fundamental physical constant. Rev. Mod. Phys. 90, 633–730.
Nadimpalli, S.P.V., Sethuraman, V.A., Dhalavi, S., Lucht, B., Chon, M.J., Shenoy, P.R., Guduru, P.R., 2012. Quantifying capacity loss due to solid–electrolyteinterphase layer formation on silicon negative electrodes in lithium-ion batteries. J. Power Sources 215, 145–151.
Netz, A., Huggins, R.A., Weppner, W., 2003. The formation and properties of amorphous silicon as negative electrode reactant in lithium systems. J. Power
Sources 119 (121), 95–100.
Newman, J., Thomas-Alyea, K.E., 2004. Electrochemical Systems. John Wiley & Sons, Hoboken, New Jersey.
Obrovac, M.N., Christensen, L., 2004. Structural changes in silicon anodes during lithium insertion/extraction. Electrochem. Solid-State Lett. 7 (5), A93–A97.
Obrovac, M.N., Krause, L.J., 2007. Reversible cycling of crystalline silicon powder. J. Electrochem. Soc. 154 (2), A103–A108.
Peng, K., Jie, J., Zhang, W., Lee, S.-T., 2008. Silicon nanowires for rechargeable lithium-ion battery anodes. Appl. Phys. Lett. 93 (3), 033105.
Pharr, M., Zhao, K., Wang, X., Suo, Z., Vlassak, J.J., 2012. Kinetics of initial lithiation of crystalline silicon electrodes of lithium-ion batteries. Nano Lett. 12,
5039–5047.
Pinson, M.B., Bazant, M.Z., 2013. Theory of SEI formation in rechargeable batteries: capacity fade, accelerated aging and lifetime prediction. J. Electrochem.
Soc. 160 (2), A243–A250.
Ploehn, H.J., Ramadass, P., White, R.E., 2004. J. Electrochem. Soc. 151, A456.
Ruffo, R., Hong, S.S., Chan, C.K., Huggins, R.A., Cui, Y., 2009. Impedance analysis of silicon nanowire lithium ion battery anodes. J. Phys. Chem. C 113,
11390–11398.
Sethuraman, V.A., Shimshak, M., Chon, M.J., Guduru, P.R., 2010. In situ measurement of biaxial modulus of si anode for Li-ion batteries. Electrochem.
Commun. 12, 1614–1617.
Sethuraman, V.A., Chon, M.J., Shimshak, M., Srinivasan, V., Guduru, P.R., 2010. In Situ measurements of stress evolution in silicon thin films during
electrochemical lithiation and delithiation. J. Power Sources 195, 5062–5066.
Sethuraman, V.A., Srinivasan, V., Bower, A.F., Guduru., P.R., 2010. In situ measurements of stress-potential coupling in lithiated silicon. J. Electrochem. Soc.
157 (11), A1253–A1261.
Sethuraman, V.A., Srinivasan, V., Newman, J., 2013. Analysis of Electrochemical Lithiation and Delithiation Kinetics in Silicon. J. Electrochem. Soc. 160 (2),
A394–A403.
Shenoy, V.B., Johari, P., Qi, Y., 2010. Elastic softening of amorphous and crystalline Li–Si phases with increasing Li concentration: A first-principles study.
J. Power Sources 195, 6825–6830.
Smith, A.J., Burns, J.C., Zhao, X., Xiong, D., Dahn, J.R., 2011. J. Electrochem. Soc. 158, A447.
Song, T., Xia, J., Lee, J.-H., Lee, D.H., Kwon, M.-S., Choi, J.-M., Wu, J., Doo, S.K., Chang, H., Park, W.I., Zang, D.S., Kim, H., Huang, Y., Hwang, K.-C., Rogers, J.A.,
Paik, U., 2010. Arrays of sealed silicon nanotubes as anodes for lithium ion batteries. Nano Lett. 10 (5), 1710–1716.
Soni, S.K., Sheldon, B.W., Tokranov, A., Xiao, X., 2010. Thickness effects on the lithiation of amorphous silicon thin films. Scr. Mater. 64, 307–310.
Soni, S.K., Sheldon, B.W., Xiao, X., Verbrugge, M., Gao, H., Ahn, D., Haftbaradaran, H., 2012. Stress mitigation during the lithiation of patterned amorphous Si
islands. J. Electrochem. Soc. 159, A38–A43.
Soni, S.K., Sheldon, B.W., Xiao, X., Bower, A.F., Verbrugge, M.W., 2012. Diffusion mediated lithiation stresses in Si thin film electrodes. J. Electrochem. Soc.
159 (9), A1520–A1527.
Srinivasan, V., Model-experimental studies on next-generation Li-ion materials, OVT Merit Review, May 21, 2009.
Stoney, G.G., 1909. The tension of metallic films deposited by electrolysis. Proc. R. Soc. 82, 172–175.
Tritsaris, G.A., Zhao, K., Okeke, O.U., Kaxiras, E., 2012. Diffusion of lithium in bulk amorphous silicon: a theoretical study. J. Phys. Chem. 116 (42),
22212–22216.
Verbrugge, M.W., Koch, B., 1996. Modeling lithium intercalation of single-fiber carbon microelectrodes. J. Electrochem. Soc. 143, 600–608.
Verbrugge, M.W., Cheng, Y.T., 2008. Stress distribution within spherical particles undergoing electrochemical insertion and extraction. Electrochem. Soc.
Trans. 16 (13), 127–139.
Wen, C.J., Boukamp, B.A., Huggins, R.A., Weppner, W., 1979. Thermodynamic and mass transport properties of LiAl. J. Electrochem. Soc. 126 (12), 2258–2266.
Weppner, W., Huggins, R.A., 1977. Determination of the kinetic parameters of mixed-conducting electrodes and application to the system Li3Sb.
J. Electrochem. Soc. 124, 1569–1578.
Zhao, K., Pharr, M., Cai, S., Vlassak, J.J., Suo, Z., 2011. Large plastic deformation in high-capacity lithium-ion batteries caused by charge and discharge. J. Am.
Ceram. Soc. 94, S226–S235.
Zhao, K., Wang, W.L., Gregoire, J., Pharr, M., Suo, Z., Vlassak, J.J., Kaxiras, E., 2011. Lithium-assisted plastic deformation of silicon electrodes in lithium-ion
batteries: a first-principles theoretical study. Nano Lett. 11, 2962–2967.
Zhao, K., Tritsaris, G.A., Pharr, M., Wang, W.L., Okeke, O., Suo, Z., 2012. Reactive flow in silicon electrodes assisted by the insertion of lithium. Nano Lett. 12,
4397–4403.

